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In the present work, essentially nonoscillatory schemes and weighted essentially nonoscillatory schemes are
implemented in a cell centered finite volume context on unstructured meshes. The two-dimensional Euler equations
are considered to represent the flows of interest. The essentially nonoscillatory and weighted essentially
nonoscillatory schemes have been developed with the purpose of accurately capturing discontinuities appearing in
problems governed by hyperbolic conservation laws. In the aerodynamic studies of interest in the paper, these
discontinuities are mainly represented by shock waves. The entire reconstruction process of essentially
nonoscillatory and weighted essentially nonoscillatory schemes is described in detail for any order of accuracy with
an emphasis on the implementation of second-order and third-order schemes. A flux-difference splitting method and
a flux-vector splitting method are tested and compared. The code developed also features an agglomeration multigrid
procedure for convergence acceleration, and an adaptive mesh refinement tool. Applications for aerodynamic flows
are performed to assess the capability implemented against data available in the literature.

Nomenclature

convective operator

speed of sound

flux vectors in the (x, y) Cartesian directions,
respectively

total energy per unit of volume

Gaussian point

total enthalpy

mesh width

Mach number

unit normal vector to the surface, positive outward
oscillation indicator

pressure

vector of conserved properties

surface of the control volume

time

velocity components in the (x, y) Cartesian directions,
respectively

control volume

Gaussian weight

end point of the edge

ratio of specific heats

density

edge of the control volume

weighted essentially nonoscillatory weight
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Subscripts

i = ith volume

ng = ngth neighbor of the ith volume
Superscript

n = nthiteration

L

HE motivation for the present work is the need for accurate

simulations of high Mach number aerodynamic flows with
strong discontinuities. In recent years, several efforts have been made
by the computational fluid dynamics (CFD) group of Instituto de
Aerondutica e Espaco [1-3] for the development of computational
tools which are capable of accurately capturing discontinuities such
as the shock waves appearing in the aerodynamic flows of interest.
Some upwind schemes such as the van Leer flux-vector splitting
(FVS) scheme [4], the Liou AUSM™ FVS scheme [5], and the Roe
flux-difference splitting (FDS) scheme [6] were implemented and
tested for second-order accuracy considering a TVD-MUSCL
reconstruction [7]. However, [3] shows that nominally second-order
schemes presented results with an order of accuracy smaller than the
expected in the solutions for unstructured grids. Aside from this fact,
itis well known that total variation diminishing (TVD) schemes have
their order of accuracy reduced to first order in the presence of shocks
due to the effect of limiters.

This observation initiated the development and implementation of
essentially nonoscillatory (ENO) schemes, introduced by Harten
et al. [8], in which oscillations up to the order of the truncation error
are allowed to overcome the drawbacks and limitations of TVD
schemes. Subsequent to the development of ENO schemes, the
weighted essentially nonoscillatory (WENO) schemes were
introduced by Liu et al. [9] with the purpose of presenting better
convergence rate for stationary cases, better smoothing for the flux
vectors, and better accuracy using the same stencils as the ENO
schemes.

Introduction
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In this work, the ENO schemes and the WENO schemes are
implemented in a cell centered finite volume context for unstructured
meshes. The two-dimensional (2-D) Euler equations are considered
to represent the flows of interest. The ENO and WENO schemes have
been developed with the purpose of accurately capturing
discontinuities appearing in problems governed by hyperbolic
conservation laws. In the aerodynamic studies of interest in the
present paper, these discontinuities are mainly represented by shock
waves. The entire reconstruction process of ENO and WENO
schemes is described in detail for linear and quadratic polynomials
and, hence, for second and third-order accuracy of the numerical
schemes, with extension to higher orders. Applications to
aerodynamic flows are presented showing the capability
implemented and the behavior of the various schemes. For the
ENO schemes, interpolation polynomials of one order less than the
order of accuracy expected in the solution are computed and these
polynomials are used to reconstruct a good approximation to the
values of the conserved variables within the cells. These polynomials
interpolate primitive variable values in Gauss quadrature points
using stencils determined by a von Neumann neighborhood [10].
The control volume moments and the mean values of primitive
variables in the cells are used to compute the polynomial coefficients
and, hence, one can compute the oscillation indicator of the
polynomials and select the smoothest among them through the
values of these coefficients.

Whereas the ENO schemes use the smoothest polynomial, the
WENO schemes use all ENO computed polynomials for the stencils
and, therefore, they construct one polynomial only. Nonnegative
weights, which must add up to one, are computed for every
polynomial through oscillation indicators and the WENO
polynomial is constructed by the sum of all the ENO polynomials
multiplied by the respective weights [9,11]. The weights attributed to
the polynomials can be of the order of accuracy desired in the
solution if these polynomials are in the discontinuous regions of the
mesh or they can be of order one if the polynomials are in the smooth
regions of the flow. Classical CFD applications such as shock tube
problems, the flow past a wedge, the Ringleb flow [27], the flow in a
channel with a forward-facing step, the transonic flow over a NACA
0012 airfoil, and the transonic flow over a RAE 2822 airfoil are
presented with the aim of comparing the behavior of the proposed
methods. Such an assessment of the methods implemented is
achieved through the comparison of the present numerical results
with data available in the literature.

II. Theoretical Formulation
A. Governing Equations

In the present work, the 2-D Euler equations are solved in their
integral form as

d _
a/VQdVJr/V(V-P)dv_o 1)

where P = E1 + FJ. The application of the divergence theorem to
Eq. (1) yields

é/QdV—I—/(P-n)dS:O @)
at Jv s

The vector of conserved variables Q and the convective flux vectors
E and F are given by

P pu oV
_ ) pu pu? + p _ ] puw
Q= ov [’ E= PUY ’ F= o+ p
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3

The system is closed by the equation of state for a perfect gas
1
p=- 1)[e—§p(u2+v2)] @

where the ratio of specific heats y was chosen as 1.4 for all the
computations in this work.

Equation (2) discretized in a cell centered finite volume context
can be rewritten for the ith control volume as

20, 1 /
P = P-n)dS 5)
P v, S,-( ) (
where Q); is the mean value of Q at time ¢ over the ith control volume
V.

B. Spatial Discretization

The spatial discretization is concerned with finding a discrete
approximation to the integral on the right-hand side of Eq. (5). The
control volumes considered in this work are triangles and
quadrilaterals and their boundaries can be decomposed into a finite
number of line segments I';. One should observe that the control
volumes could be composed by any type of polygon, because the
really important aspect is that its bounding contour could be
decomposed into a finite number of line segments. Hence, it is
possible to write

s;i=Jr ©)
Thus, the boundary integral from Eq. (5) can be decomposed into

C(Q,')EL(P'ﬂ)dS=Z/r(P-n)dS @)

and, as n is constant on each line segment I'; the right side of Eq. (7)
is discretized using N-point Gaussian integration formulas with
degree 2N — 1 and order of accuracy 2N. Using such integration
formulas, one obtains the following approximation

N
[S P-myas~ Y0 wPRG)d-n  ®
i J =1

where G, and w, are, respectively, the Gaussian points and the
weights on the I'; line segment.

For the second-order schemes, one Gaussian point is used in the
integration. Given the coordinates of the end points z; and z,, one can
obtain the Gaussian point as the middle point of the segment
connecting the two end points G; = (z; + z,)/2. For this case the
weight w; is chosen as w; = 1. For the third-order schemes, two
Gaussian points are necessary along each line segment. Their values
are given by

V3+1 ( ﬁ+1)
G, = 21+ |1 ——F)2 and
23 2
3 V3 ©)
V3+1 V3+1
R W A

and the respective weights w; and w, are chosen as w;, = w, = 1/2.

Using the method described in the preceding example, one can
compute values of Q; in some instant ¢ and then, from these mean
values, one can reconstruct polynomials that represent the primitive
variables p, u, v, and p. Finally, itis possible to compute values of the
conserved variables in the Gaussian points. Because of the
discontinuity of the reconstructed values of the conserved variables
over the cell boundaries, one must use a numerical flux function to
approximate the flux values on the cell boundaries. In this work, the
authors have used the Roe flux-difference splitting method [6] and
the Liou AUSM+ flux-vector splitting method [5] to compute such
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approximations. Hence, for the Roe scheme, the flux evaluation on
the right-hand side of Eq. (8) is computed as

P[Qj(GZ)v t] h X P[QI(GK)’ Qng(G()’ L n]

= 2UPIO(G)] + PIQ,, (G}

S AIQ(G)). ©,(Go). 1 i, (G~ @Gl (10

In Eq. (10), the |A| matrix is a positive semidefinite matrix formed
from the flux Jacobian matrix in the sense defined by Roe [6]. In the
same equation, Q;(G,) is the vector of conserved variables computed
at the quadrature point G, using the polynomial reconstruction
associated to the ith control volume. Similarly, @, (G,) is the vector
of conserved variables computed at the same quadrature point G,
but using the polynomial reconstruction associated with the ngth
control volume. Here, it is being assumed that ng represents the
neighbor of the ith control volume, which shares the T'; line segment
with the ith cell.

The numerical flux of the scheme can be obtained by evaluating
the last term on the right of Eq. (10) as

|A[Q1(Gl)7 Qng(G€)7 5 n]'[Qng(G(» t) - Qi(G(’ Z)]
= A ldw, (1)

m

where A, are the eigenvalues of the flux Jacobian matrix, r™ are the
associated right eigenvectors, and dw,, are the corresponding
characteristic variables. The first step in the calculation of the Roe [6]
numerical flux is concerned with the evaluation of the properties
averages defined by Roe as

p= /Dibrg-
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One should observe that, in the original reference [6], the averaged
density term is not cited by the author. However, the present
implementation considers this term as suggested by Hirsch [12]. The
normal velocity is then computed using the averaged values of the
Cartesian velocities as V = un, + vn,, where n, and n, are the
direction cosines in the x and y Cartesian directions, respectively.
The average speed of sound ¢ is subsequently computed as

ezz(y—l)(ﬁ—ﬁzgﬁz) (13)

and the eigenvalues of the A matrix and the associated right
eigenvectors are obtained by the following relations

A=V,
A=V,
A=V +&,,
h=V—4, (14)

1
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Finally, the characteristic variables are defined as
a
ow, = dp — ~—f,
¢
0w, = n,du — n,dv,
ap
ows = n,du + n,dv + 5*[),
dp
ow, = —n,0u — n,0v + —— (16)
) cp

where 9() = (), — (s

For the Liou scheme, the convective operator can be expressed as a
sum of the convective and pressure terms [5]. The flux vectors can be
written as

E=ud+p, =M.+ p,,

F=v®+ p,=M,c® + p, a7

where the @, p,, and p, vectors are defined as

P 0 0

_ ) pu _Jr 0
q)_ /OU ’ px - 0 ’ py p (18)

pH 0 0

In the preceding expressions, p is the pressure, H is the total specific
enthalpy, M, = u/c, and M, = v/c. One can finally evaluate the
flux as

P[Q;(Gy). 1]- n ~ P[Qi(Gy), Que(Gy). 15 1]

1 1
= EMi.ngci.ng(q)i + chg) - E |Mi,nglci,ng(q>ng - ®1)
+ { 0 pi,ngnx pi.ngny 0 }T (19)

where M;

i.ng 18 the interface Mach number defined according to [5] as

M;,, =M/ + M, with M;" = M*(M,;) and M, = M~ (M,,). The
split Mach numbers are defined as
(M + M), i M| = 1
+ _ 2 i il)s il =
M= {M;; (M), otherwise (20)

and, similarly
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5(M,, — M, ]) if [M,,| =1
— _ )2 ng ngl)» ngl =
My = {M;(Mng), otherwise @1
The Mﬂi terms can be written as
1
M;(M) = iZ(M + 1)+ B(M? —1)? (22)

This work used § = 1/8, as suggested in [13]. Moreover, to achieve
aunique splitting in Liou’s [5] sense, the ith and ngth Mach numbers
are defined as

v 1%
M;=—— and M, =

Ci,ng

= (23)
C .

ing

where Vi = u;n, + v;n, and Vng = U, 1, + V0. The correspond-
ing speed of sound c¢;,,, at the interface, is given by

Cing = min(c;, ¢,,,), Where

c;=ct min(l,c%) (24
Vil

. 2y=1
cr—dj;;rHi 25)

and a similar definition for c,,, is considered. The pressure p; ,, at the
interface between the ith and ngth cells is given by
Ding = pipi+ PugPng- The split pressures, still following the
expressions in [13], can be written as

+_ [30 +sign(Mp)], if (M = 1 06
! pd (M), otherwise
and, similarly
1 —sign(M,,)],  if |M,,| > 1
o= 2 ng/b ngl =
png N { p(; (Mng)v otherwise (27)

Finally, the pZ terms can be written as
1
pE(M) =Z(M:i: )22 F M) + aM(M? — 1)? (28)
with the term o = 3/16, as suggested in [13].

C. Temporal Discretization

The temporal discretization is concerned with solving a system of
ordinary differential equations, hence, an ODE problem which can
be written as

d0: _ _ 1,
o = v @ 29)

In this work, two different, fully explicit second-order accurate
Runge—Kutta schemes were used to advance the solution of the
governing equations in time, for the spatially second-order schemes,
with the purpose of comparing the solutions and the stability
of the schemes with respect to the CFL number. Both schemes are
second-order accurate, where the first is a five-stage Runge—Kutta
time-stepping scheme [14] and the second is a two-stage TVD
Runge—Kutta time-stepping scheme [15]. The schemes can be
written as

0
0" =0

0" = 0~ Mrciol)

0 =0 ~w Sicio)

At
0P =0\ — a; 7C(QE4))
0/t =07 (30)

for the five-stage scheme, and as
g

0" =0;

At;
0" = 0"~ Micigl)

At At;
07 = 0" —a,—C(Q") —as =L C(@")

v, v,
o' =0 &)

for the two-stage scheme. The superscripts n and n 4 1 denote,
respectively, the values of the properties at the beginning and at the
end of the nth time step. In Eq. (30), as suggested in [14], the o
coefficients are o, =1/4, o, =1/6, a3 =3/8, ay =1/2 and
as = 1. In Eq. (31) the « coefficients are «; = 1/4, o, = 1/2, and
a3 = 1/2, as suggested in [15]. For the spatially third-order scheme,
a fully explicit third-order accurate TVD Runge—Kutta scheme [15]
was used in the present work and it can be written as

0" =0;

0" =0~ Sic(o)

0 =0~ T c(0?) ~a; Y c@l)

0 =00 ~ e, @)~ et @) — e @)

0/t =07 (32)

where the « coefficients are oy = 1,y = 1/4, 03 = 1/4, a4 = 1/6,
as = 1/6, and ag = 2/3, as suggested in [15].

III. ENO and WENO Reconstructions
A. General Considerations and Oscillation Indicators

The reconstruction procedure of the ENO schemes is based on the
approximation of mean values of the primitive variables for each cell
in the mesh by polynomials of one order less than the spatial order of
accuracy expected. For the construction of polynomials of nth order,
one must use N(n) cells, where N(n) = (n + 1)(n + 2)/2. The first
step in obtaining the polynomial reconstruction for each cell is to
define the possible set of cells, called a stencil, that will be used.
In the finite volume cell centered scheme, the stencils can be selected
in a von Neumann neighborhood for a linear polynomial
reconstruction (second-order accuracy). This approach can be
extended to higher orders through the use of von Neumann
neighborhoods of the primary neighbors already selected for the
second-order reconstruction. In the present work, the cells are
triangles or quadrilaterals and the p(x,y) polynomials can then be
calculated as

P Y) = rgp (x—x )P (y — yo) P2 (33)
[Bl=n

where || = B, + B,, with B8, €{0,1,2,...}, x. and y,. are the
Cartesian coordinates of the barycenter of the control volumes, and
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rg,p, are unknown coefficients which represent approximations to
the derivatives of the primitive variables.

By imposing that the integration of p(x, y) along each cell of the
stencil returns the mean value for the corresponding primitive
variable in that cell, one can write a linear system [R]|{r} = {u} of
N (n) equations for the N (1) unknowns, r4 5, . Here, [R] is the matrix
of control volume moments, as in Gooch [16], computed using the
scaling technique proposed by Friedrich [11] to circumvent a poorly
conditioned matrix. Moreover, {r} is the vector of unknown
coefficients that must be found and {i} is the vector composed by the
mean values for each primitive variable. The stencil is considered
admissible if the [R] matrix is invertible. There are other approaches
for the calculation of the polynomials, as the one proposed by Abgrall
[17], which uses interpolation through barycentric coordinates, or the
one proposed by Hu and Shu [18], which is based in reconstructing
high-order polynomials using only linear polynomials. These
alternate approaches, however, are beyond the scope of the present
paper.

The control volume moments that compose the [R] matrix are
defined as

— 1
= [ G- yotey G4
i Jv,

and are evaluated using Gauss quadrature formulas following the
same procedure as the one used in the flux computation. To avoid
computing moments of each control volume for all the stencils, one
can replace the terms (x — x.) and (y — y,) with (x — x,;) + (x.; —
x.) and (y—y.)+ (y;;—Y.), respectively. The new terms
appearing in the equations are simply the split between the distances
of the centroids of the V; and V; control volumes plus the initial terms
evaluated using the centroids of the V; volume instead of the
centroids of the V; volume. Finally, the control volume moments are
calculated, saving computational cost and memory storage, by the
following general form

xw_ytl‘j = %A[[(x_xc'j) + (xcj _xc)]w[(y_ycj) + (ycj _y()]{dv

[
= ZZ(i) (z) (6 = X)5 (= o)) e EyE (39)

After the polynomial reconstruction is performed for each stencil,
the next step is to verify which polynomial is the least oscillatory to
use in the ENO scheme. The oscillation is computed using some
indicator that assesses the smoothness of p(x,y). Abgrall [17]
proposed the oscillation indicator defined as

Ol [p(x,y)] = Z|rﬂlﬂz| (36)
|Bl=n

which is the absolute value of the summation of the highest degree
polynomial coefficients. Harten and Chakravarthy [19] proposed the
indicator given by

Ol yc[p(x, y)] = (37

Jiang and Shu [20] proposed an indicator, which was later modified
by Friedrich [11], that can be expressed as

I8 (. )\ 2 :
ospt=| 3 eGSR wa| e

1=|Bl=n

In the present computations, the diameter of the inscribed circle was
considered as the mesh width, 4. The preceding three oscillation
indicators cited were tested and compared in the present work.
Differently from the ENO schemes, the WENO schemes use all
the calculated polynomials. These polynomials are added together
through the use of weights, which are computed for each one of the

polynomials as proportional to its respective oscillation indicator.
The main idea in the WENO reconstruction is to attribute the
computed weights for each polynomial with the aim of
reconstructing a new polynomial as

m

p(x,y) =Y opilx,)
k=1

The weights are of order one in the smooth regions of the flow and are
of the order of the desired accuracy in the solution in the regions with
discontinuities. The weights can be computed as

o, — _ te+Olpi(x, I 39

“T Y e+ Ollpe(x, ) °

where € is a small real number used to avoid division by zero and 6 is
a positive integer. The WENO schemes have the property of being
very smooth and stable in smooth regions of the flow, but this
property is lost if 8 is chosen too large. In that case, the scheme tends
to behave like the ENO schemes. In the present work, the 6 term is
chosen as # = 2 because this yielded the best convergence rates in the
results.

B. Second-Order Implementation

For the implementation of the second-order accurate schemes one
must use three cells for the polynomial reconstructions. Hence, two
unknown coefficients are computed for each polynomial through the
solution of a two equation linear system composed by the control
volume moments and the mean values of the primitive variables of
the cells considered in the stencil. The first algorithm implemented
uses only the primary neighbors of the main control volume.
Therefore, if the cell is a triangle, it has three different neighbors,
which allows the construction of three different polynomials. If the
cell is a quadrilateral, it has four different neighbors and this allows
the construction of six different polynomials. For this algorithm, one
observes the appearance of oscillations in a small number of cells of
the mesh, and these oscillations left the ENO and WENO schemes
unstable. The second algorithm implemented uses the primary and
secondary neighbors of the main control volume to construct the
stencils. In this approach, the number of constructed polynomials is
increased and the schemes became stable. However, for this
algorithm, small oscillations have appeared in smooth regions of the
flow when the selected ENO stencil was composed exclusively by
primary neighbors. The third algorithm implemented considers the
ideas found in Sonar [10], where the neighborhood is extended when
compared to the first algorithm. However, the stencils are computed
considering one primary neighbor and one secondary neighbor. As
an example, for a triangle, one has six possible polynomials to choose
from and, for a quadrilateral, one has 12 polynomials, if one imposes
an additional restriction of only considering stencils in which the
control volumes are contiguous. This algorithm does not present any
oscillation in the solutions, keeps the schemes stable, and reduces the
computational cost in comparison with the second algorithm
implemented. In Fig. 1, one can see a typical neighborhood for the
implementation of the first algorithm with a possible stencil (hatched

Fig. 1 Neighborhood for algorithm one for the second-order scheme.
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Fig. 2 Neighborhood for algorithms two and three for the second-
order scheme.

volumes) for this algorithm and, in Fig. 2, one can see a typical
neighborhood for the implementation of the second and third
algorithms with a possible stencil (hatched volumes) for the third
algorithm. The examples of neighborhoods presented here are for
triangles and quadrilaterals. However, the geometry of the control
volume is not relevant for the algorithms implemented. The control
volumes can be formed by any type of polygon.

C. Third-Order Implementation

For the implementation of the third-order accurate schemes one
must use six cells for the polynomial reconstructions. Five unknown
coefficients are computed for each polynomial through the solution
of a five equation linear system composed by the control volume
moments and the mean values of the primitive variables of the cells
considered in the stencil. Four different approaches were
implemented in the present work for the ENO and WENO schemes
with the aim of comparing the efficiency and accuracy of the
approaches. The first algorithm implemented is based on the ideas
proposed by Abgrall [17]. The first step consists in finding the stencil
that presents the smoothest oscillation among the possible stencils
for a linear reconstruction using only the primary neighbors of the
main control volume. This algorithm uses this concept for both the
ENO and WENO schemes for meshes composed by triangles and
quadrilaterals. After the smoothest three-cell stencil is chosen, one
must start the procedure for the third-order accuracy reconstruction.
If the control volume is a triangle, one has a maximum of four
secondary neighbors for the reconstruction and, therefore, four
possibilities for stencil selection. However, if the control volume is a
quadrilateral, one has a maximum of six secondary neighbors for the
reconstruction and, therefore, 20 possibilities for stencil selection. In
Fig. 3, one can see a typical neighborhood for the implementation of
the first algorithm with the hatched volumes representing a possible
stencil for this algorithm.

Although the case in which one has 20 stencils for the selection can
occur, in most cases, one has five secondary neighbors for the
reconstruction in quadrilaterals and then 10 possibilities for stencil
selection. Such a situation happens because, when selecting the
stencil with the primary neighbors, one has, in most cases, a stencil
that is not centered as can be viewed in Fig. 4 for the control volumes
labeled NG1 and NG2. In such case, one can see that there are five
secondary neighbors (the control volumes labeled as “2ndNG”). In
triangular control volumes, one can have the presence of three
secondary neighbors for the reconstruction, which is the worst case
for reconstruction in a triangular mesh. A case such this can be
observed in Fig. 5, where the NG1 and NG2 hatched control volumes
compose the smoothest stencil for a second-order reconstruction and
the other hatched control volumes, NG3, NG4, and NGS5 are the
control volumes used for the third-order reconstruction. As one can
see, this case allows the construction of only one stencil. If this stencil
is in a discontinuous region of the flow, it will produce oscillations,
and it will lead to a nonphysical solution. Hence, the procedure
adopted to avoid the problem, where one has a stencil such as thisin a
discontinuous region of the flow, is to reduce the order of accuracy of
the scheme in these cells.

Fig. 3 Neighborhood for algorithms one and four for the third-order
scheme.

Fig. 4 Example of a reduced number of possible stencils for a
quadrilateral mesh.

y: &\b\:&\\\\ -

%)

7
/
.
Z///

S SRS N ‘ss\\

>

&
I

Fig. 5 Example of a reduced number of possible stencils for a
triangular mesh.

The second algorithm implemented is based on the ideas of Harten
and Chakravarthy [19] and Kiser and Iske [21]. This algorithm is
based on a sectorial search that keeps the number of possible stencils
small. The approach consists in the search for stencils composed by
cells that belong to the sectors. The basic idea for the implementation
of the sectorial search is to include the von Neumann neighbors of the
control volumes whose barycenters lie in one of the forward sectors
or backward sectors of the main control volume, as defined in Kiser
and Iske [21]. Each forward sector is spanned by a corresponding
edge pair of the control volume, such that the resulting sector
contains the control volume. One can see the forward sectors for a
triangle in Fig. 6. The backward sectors are defined by the midpoints
of the edges of the control volume. Each backward sector has its
origin at one midpoint and its two boundary edges pass through the
other midpoints. One can see the backward sectors for a triangle in
Fig. 7. This approach was implemented and tested only for triangles
in the present code. The cost of these algorithm is very low compared
with the others implemented in the present work, because the stencils
are computed for each sector only in the first time iteration or when
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SECTOR 2

N3
SECTOR 1

SECTOR 3

Fig. 6 Forward sectors for a triangle.
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Fig. 7 Backward sectors for a triangle.
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Fig. 8 Possible stencil for third-order accuracy scheme using algorithm
three.

the adaptive refinement process is used. Furthermore, the maximum
number of possible reconstructions spans six stencils for a triangle
and this number is small when compared with the other approaches.

The third algorithm implemented works as an upwind stencil
selection and it couples the ideas of both algorithms already
discussed. The idea is to look across the edges of the main control
volume. In other words, one must include the von Neumann
neighbors of the control volumes as if they were in a sector bounded
by the edges of the main control volume. One can see a stencil for this
algorithm in Fig. 8. The volumes that belong to the other side of some
edge of the main control volume are considered in the stencils if the
flow has a direction opposite to that of the cells used in the stencil.
Simply, one has the cells used to form the stencil in an upwind
direction with regard to the flow direction. The first neighbor
considered in the stencil is the primary neighbor that shares the edge
with the main control volume (volume NG1 in Fig. 8). Following the
natural sequence, one must select the secondary neighbors (volumes
NG2 and NG3 in Fig. 8). These selected cells are fixed for this stencil
and their neighbors, marked as 3rd NG, will be used to construct
different stencils. This approach is simple to implement for any type
of control volume. However, its computational cost is higher than
that of the sectorial search and it is also more expensive than
Abgrall’s [17] ideas.

The fourth algorithm implemented is a variation of the first
algorithm. The idea is to consider all the possible stencils for a third-
order reconstruction instead of selecting the stencil that presents the
smoothest oscillation for a second-order reconstruction. This
algorithm is identical in the aspect of reconstruction when compared
with the first algorithm. However, its cost is higher due to the larger

number of possible third-order stencils. At least the reconstruction
for a second-order stencil is avoided and this computational cost is
saved.

The first algorithm has presented good results for most cases
analyzed in the present work. As expected, the WENO schemes
presented better results with respect to the convergence ratio and to
the smoothness of the solution in comparison with the ENO schemes.
As mentioned in the papers of Abgrall [17] and Harten and
Chakravarthy [19], one has to reduce the order of accuracy in some
cells to maintain the stability of the schemes for both the ENO and the
WENO schemes. The technique used for the reduction of the order of
accuracy is the same presented by Abgrall [17]. The second
algorithm, which uses sectorial search, presented oscillations in the
solution for simple test cases, as the supersonic flow over a wedge.
For more complex test cases it has shown to be unstable, even with
the reduction of the order of accuracy. The third algorithm presented
a more diffusive solution if compared with the first algorithm for all
the test cases considered in the present paper. For some cases, such as
the supersonic flow over the forward-facing step, the third algorithm
was unstable. The fourth algorithm, as the first one, has presented
good results for the test cases analyzed here. Despite the fact that this
algorithm is more costly than the first one, it presented less cells that
needed to have their order of accuracy reduced. The WENO schemes
implemented with this algorithm presented the best results for all test
cases. The ENO schemes implemented with the fourth algorithm
have presented the best results among the ENO schemes.

IV. Multigrid Scheme

In this section, a general discussion of the implementation of a full
approximation storage multigrid algorithm [22] is presented. With
the use of the multigrid procedure, the discretized problem for the
fine mesh is solved in an approximate manner on coarser meshes. As
the coarse meshes have fewer points than the initial fine mesh, the
solution of the problem in the coarse meshes requires a lower
computational cost than in the initial fine mesh. The properties of the
fine mesh are transferred to the coarse meshes by restriction operators
and subsequently, the solution in the fine mesh is updated by
prolongation operators, which transfer the properties from the coarse
meshes. The restriction operator used in the present work is the
volume weighted average [23,24], where the restricted conserved
properties for the fine mesh cells forming the coarse mesh volumes
are equal to the sum of the conserved properties of all the fine mesh
cells that compose the coarse mesh volumes weighted by their
volumes. The prolongation operator implemented in the present
work uses direct injection of the coarse mesh values into the fine
mesh [23-25].

The multigrid scheme implemented in the present work is based
upon an agglomeration procedure [23-25] for generating the coarse
meshes. A “seed” volume is chosen in the fine mesh and then all the
volumes that have a node or an edge in common with this seed
volume are grouped and they form the coarse mesh volume. A

Fig. 9 Example for the agglomeration procedure with the seed volume
(hatched volume).
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schematic representation of the agglomeration procedure is shown in
Fig. 9, where the hatched volume is the seed volume and the dashed
line indicates the corresponding coarse mesh volume. Another seed
volume is selected and the agglomeration procedure continues
grouping all the fine mesh volumes. It should be noted that, during
the agglomeration procedure, only the volumes that have not already
been agglomerated may be grouped to form a coarse mesh volume.
This is a necessary condition to guarantee that there is no volume
overlapping in the coarse mesh. The selection of the seed volumes is
not random to obtain a better coarse mesh quality. A list containing
all the fine mesh volumes is generated before the agglomeration
procedure and the volumes close to the boundaries are chosen to be
first selected for the agglomeration. Further discussion of the
agglomeration multigrid procedure here used can be found in [22].

V. Adaptive Mesh Refinement

In the present work, grid adaptation is used to improve the quality
of the solution by increasing the number of grid points in regions
where shock and expansion waves are present. Hence, a property
sensor based on the solution obtained in the original mesh is
computed and it is used to determine in which regions additional
computational points are necessary. The general definition of the
sensor, following the work in [1,2], can be expressed as

vl ) 0
wmmax - Wmmm i ( )

where ¥/, can be any conserved or primitive variable and v/,, and
Y, are the maximum and the minimum values of the ¥,, property
in the flowfield. All volumes in which the sensor exceeds some
specified threshold value are refined. Additional information about
the implementation of the adaptive mesh refinement procedure can
also be found in [1,2].

(sensor); = {maxm[

VI. Results

The present section discusses computational results for the
second-order and third-order schemes, which were formulated for
meshes composed by triangles and quadrilaterals. The objective of
the present study is to verify the newly implemented capability and to
assess its advantages/disadvantages with regard to the discretization
methods previously available in the code. Hence, the test cases
analyzed here were selected among those for which analytical
solutions and/or well-documented, independent data are available in
the literature.

A. Wedge Flow

The first case shown is the computation of the supersonic flowfield
past a wedge with a half-angle # = 10 deg. For the present case, the
multigrid method and the adaptive mesh refinement capability are
used to accelerate the convergence rate and to have a better resolution
of the shock wave that appears in the flow. The initial mesh, with

b) Refined mesh
Fig. 10 Meshes used in the wedge flow simulation.

0 1 2 3

a) Mesh after the ¢) Mesh after the
first agglomeration
Fig. 11 Coarse agglomerated meshes obtained from the grid shown in

Fig. 10b.

b) Mesh after the
second agglomeration third agglomeration

Y

COMPUTATIONAL DOMAIN

WEDGE

Fig. 12 Schematic representation of the computational domain.

b) Mach number contours

a) Pressure contours
Fig. 13 Results for the wedge flow simulation, //, = 5.0.

816 nodes and 1504 volumes, is shown in Fig. 10. The refined mesh,
after one refinement pass, containing 1611 nodes and 3057 volumes,
is also shown in Fig. 10. The coarse meshes used in the multigrid
levels are shown in Fig. 11. One can see that three multigrid coarse
mesh levels are used for the calculations in the case studied here. The
leading edge of the wedge is located at coordinates x = 0.25 and
y = 0.0. The computational domain is bounded along the bottom by
the wedge surface and by an outflow section as represented in Fig. 12.
Therefore, one has an inflow boundary located at the left and at the
top of the domain, whereas the outflow boundary is located ahead of
the wedge and at the right of the domain.

The well-known analytical solution for the present case gives the
change in properties across the oblique shock as a function of the
freestream Mach number and shock angle. The shock angle is known
as an implicit function of the freestream Mach number and wedge
half-angle (6—B-Mach relation). The inviscid flow conditions on
each side of the oblique shock are uniform. For the present case, the
freestream Mach number was set as M| = 5.0 and, using the well-
known analytical relations appearing in the literature [26], one can
find an oblique shock with 8 & 19.5 deg. For the analytical solution,
one has a pressure ratio of p,/p, ~3.083 and a Mach number
behind the shock wave of M, ~ 3.939. The numerical solutions are
in good agreement with the analytical solutions, as can be seen in
Fig. 13, and the values obtained in the computations are p,/p; ~
3.048 and M, ~ 3.932. The solution appearing in Fig. 13 is for a
calculation with the second-order accurate WENO scheme using
Roe’s method [6] and the second-order TVD Runge—Kutta scheme
for time integration. The results are obtained for the refined mesh
presented in Fig. 10.

Tests were performed for the second-order ENO and WENO
schemes with spatial discretizations considering Roe’s flux-
difference splitting [6] and Liou’s AUSM+ flux-vector splitting
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Fig. 14 Cp distribution along the wedge wall, M, = 5.0.
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Fig. 15 Residue histories for the wedge flow simulation, /, = 5.0.

methods [5], and for the five-stage Runge—Kutta and the two-stage
TVD Runge—Kutta schemes. All the studied schemes presented
similar solutions with regard to the shock position and to the flow
properties. Both Runge—Kutta schemes presented similar results
considering the convergence rate and the maximum allowable CFL
number for stability, besides the fact that the TVD Runge—Kutta
scheme uses less computational effort due to the reduced number of
stages. The WENO schemes have shown a better convergence rate
than the ENO schemes, as expected. However, the converged
solutions obtained were similar. The expressive differences that
appeared in the solutions occurred due to the different numerical flux
functions implemented. The Roe scheme [6] has shown to be more
accurate in capturing the shock wave than the Liou scheme [5]. This
can be observed in Fig. 14, where the pressure coefficient Cp is
plotted for the wedge surface. The Liou scheme presented an
overshoot in the presence of the shock wave and the Roe scheme [6]
captured it without any overshoots. The convergence rates for both
numerical flux functions are shown in Fig. 15. One can see that Roe’s
scheme reached a lower value for the residue than Liou’s scheme [5].

0.12f R
- v eu ) B GRS e

0.08F

o |

(&) -
[ Analytical solution

0.04} WENO ROE [6] 5 stage RK
[ VAN LEER MUSCL [4] 2nd Order
L LIOU MUSCL [5] 2nd Order
- ROE MUSCL 2nd Order
VAAAAlAAAAlAAAAlAAAAlAAAAlAAAAl

% 1 2 3

Wedge wall

Fig. 16 Comparison among second-order schemes for the wedge flow,
M, =5.0.

Furthermore, one can also see that the ENO schemes do not present a
significant decrease in residue value.

Different oscillation indicators were tested and the solution was
compared for the Cp distribution along the wedge surface. One can
see that the oscillation indicator proposed by Jiang and Shu [20]
presented better results than the one proposed by Abgrall [17]. The
solutions obtained with the former have not shown significant
oscillations, whereas the solutions obtained with Abgrall’s
oscillation indicator have done so. In Fig. 14, the solutions for the
different oscillation indicators for the ENO and WENO schemes
with reconstructions considering Roe’s [6] and Liou’s [5] numerical
flux functions are plotted. Results for the oscillation indicator
proposed by Harten and Chakravarthy [19] are not shown due to the
similarity of the formulation and solution with those of the one
proposed by Jiang and Shu [20] for the second-order method.

InFig. 16 one can see the comparison of the C p distributions along
the wedge wall for different second-order schemes. The results
presented here are for the second-order WENO scheme, with Roe’s
[6] method for flux evaluation. These results are compared with flux-
vector splitting calculations, using Liou’s AUSM+ [5] and van
Leer’s [4] methods, and flux-difference splitting computations, using
Roe’s [6] method. All FVS and FDS numerical flux functions are
implemented using MUSCL reconstruction and a multidimensional
“minmod” [12] limiter. For the temporal discretization, all cases have
used the five-stage Runge—Kutta scheme. The results show that
oscillations appear in Liou’s [5] scheme, that van Leer’s [4] scheme
is very diffusive, and that Roe’s [6] scheme is the more accurate
MUSCL method presented here. Furthermore, the results also show
that the WENO scheme captured a more accurate solution, without
oscillations and less diffusive when compared with the other
methods.

B. Ringleb Flow

The second test case presents a study of the order of accuracy for
the schemes analyzed here using the Ringleb flow problem [27]. The
Ringleb flow is basically a potential flow in a strongly bent duct and
can be described analytically. At any point in the domain, the flow is
characterized by two parameters, g and k. The parameter ¢ is the
nondimensional velocity that is constant along isoline circles, and the
parameter k is constant along the streamlines. The domain used in the
present computations has taken the streamline with £k = 0.8 and
k = 0.4 for the inner and outer walls of the duct, respectively. The
choice of these parameters guarantees that the flow is subsonic
everywhere. The inlet and the outlet of the duct are chosen as being
the velocity isoline ¢ = 0.3 and the boundary conditions were set in
agreement with [28]. An intermediate triangular mesh used in the
present computations, the exact solution obtained in terms of density
contours, and the numerical solution obtained with the third-order
WENO scheme can be observed in Fig. 17.

For this test case, the order of accuracy of the ENO and WENO
schemes is measured through the computation of the L2 norm of the
error in the density distribution as a function of the mesh refinement.
The solutions were carried out with the second-order ENO and

> of

X

¢) Density contour lines
for the numerical sol-
ution obtained with

the third-order WENO
method

Fig. 17 Computational grid and solutions for the Ringleb flow problem
[27].

b) Density contour
lines of the exact
solution

a) Intermediate
mesh used in the
Ringleb [27]

flow computations
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Fig. 19 Discrete L2 norm of density error as a function of mesh width.

WENO schemes and the third-order ENO and WENO schemes using
the Jiang and Shu [20] oscillation indicator. In Fig. 18, one can
observe the results for the second-order ENO and WENO schemes
and for the second-order MUSCL scheme. All the computations
performed for this test case considered the Roe FDS method [6] for
the numerical flux computation. The slopes that indicate ideal first-
and second-order accuracy are also plotted with the aim of
comparison with the order of accuracy of the schemes analyzed here.
The slope of the best-fit, least-square line, through a plot of the
logarithm of the L2 norm of the density error as a function of the
logarithm of the mesh width, gives a measure of the true order of
accuracy of the method. The results of such study are shown in
Table 1 for all cases considered here. One can see that the second-
order WENO scheme indeed achieves second-order accuracy,
whereas the second-order ENO scheme also comes very close to
achieving second-order accuracy. The MUSCL scheme plotted in
Fig. 18 achieved the smallest order of accuracy among the methods
analyzed here, as also indicated in Table 1. The third-order methods
are shown in Fig. 19 together with the slopes that indicate ideal
second- and third-order accuracy. One can observe in Table 1 that the
third-order ENO scheme achieved only second-order accuracy,
while the third-order WENO scheme presented the best results in
terms of order of accuracy. The actual order of accuracy obtained
with the third-order WENO scheme is 2.66, which is only slightly
lower than the theoretical one.

Table 1 Order of accuracy for Ringleb flow computation [27]

Method Order of accuracy
Second-order MUSCL 1.34
Second-order ENO 1.83
Second-order WENO 1.97
Third-order ENO 1.96
Third-order WENO 2.66

The results for the third-order schemes are directly related to the
reconstructions close to the boundaries. In such regions, the
algorithm for stencil selection does not have sufficient neighbors to
reconstruct a third-order scheme and the order of accuracy decreases
to second-order. The second-order schemes and the third-order ENO
scheme presented similar results, in terms of order of accuracy,
which is in agreement with the results shown in [11]. Therefore, as
usually mentioned in the literature, the present results also indicate
that the WENO schemes have a higher order of accuracy than their
corresponding ENO schemes.

C. Shock Tube Problem

The third test case analyzed is a shock tube problem with
length 10.0 and height 1.0, in dimensionless units, discretized with a
mesh containing 4697 nodes and 8928 triangular control volumes.
The entire mesh and a detailed part of it are shown in Fig. 20. The
results presented here are for a pressure ratio, p,/p, = 5.0. Here, p,
denotes the initial static pressure in the driver section (high-pressure
side) of the shock tube, whereas p, denotes the corresponding initial
static pressure in the driven section (low-pressure side) of the shock
tube. The dimensionless pressure in the driver section was set to
p1 = 0.8571. Density was made dimensionless with respect to the
initial density, and pressure was made dimensionless with respect to
the density times the speed of sound squared, both with respect to the
driver section of the shock tube. It was assumed that both sides of the
shock tube were originally at the same temperature.

Figure 21 presents the results for the flow in the shock tube for an
instant of time equal to 1.0 dimensionless time units after diaphragm
rupture. The results are presented in terms of density distribution
along the shock tube centerline. The results are plotted for the
second-order WENO scheme, for the third-order ENO and WENO
schemes, and for the van Leer [4] flux-vector splitting MUSCL
scheme with a multidimensional minmod limiter. All WENO
schemes and the ENO scheme used Roe’s [6] spatial discretization
and the oscillation indicator proposed by Jiang and Shu [20]. The
second-order schemes used the second-order TVD Runge—Kutta

0

-4 -2 X 0 2

a) Entire mesh for the shock
tube problem

b) Detail of the mesh for the shock
tube problem

Fig. 20 Shock tube mesh.
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Fig. 21 Density along the centerline of the shock tube.
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Fig. 22 Enlarged view of density along the centerline of the shock tube.

temporal discretization and the third-order schemes used the third-
order TVD Runge—Kutta temporal discretization. The analytical
solution is also plotted with the purpose of comparing the quality of
the numerical solutions.

In this problem, a normal shock wave moves from the driver
section of the shock tube to the driven section. As the normal shock
wave propagates to the right with some speed, it increases the
pressure and induces a mass motion of the gas behind it. The interface
between the driver and driven gasses is represented by a contact
discontinuity. An expansion wave propagates to the left, smoothly
and continuously decreasing the pressure in the driver section of the
shock tube. All these physical phenomena are well captured by ENO
and WENO schemes of second- and third-order of accuracy, as can
be viewed in Fig. 21.

The ENO and WENO schemes are less diffusive than the van Leer
[4] scheme. Such a conclusion can be readily reached by observing
the sharper representation of the shock wave and the contact
discontinuity. One can see in the results that the third-order accurate
schemes provided a sharper representation of the expansion wave
and the contact discontinuity. The results also show that the third-

order WENO scheme is more accurate than the third-order ENO
scheme. This can be seen in Fig. 22, where one can clearly observe
that the first scheme yields a sharper representation of the expansion
wave and the contact discontinuity.

D. Forward-Facing Step

The fourth test case is a compressible flow in a channel with a
forward-facing step that is well documented in [29]. The channel
length is 3, with height 1, in dimensionless units. The step is located
in a position with 0.6 dimensionless units from the channel entrance.
It has a height of 0.2 dimensionless units. Three different meshes are
used to test the schemes. The first mesh considered in this test case
has 16,384 nodes and 16,064 quadrilateral control volumes. A
blown-up view of the step region can be seen in Fig. 23. The second
and third meshes considered in this test case are composed
exclusively by triangular control volumes and have 7022 and
13,256 nodes, and 13,608 and 25,850 control volumes, respectively.
The blown-up view of the step region for both meshes can be seen in
Fig. 24 for the coarser mesh and in Fig. 25 for the finer mesh. A
uniform Mach number of 3.0 is set as inflow at = O dimensionless
time units. Density was made dimensionless with respect to the
entrance condition and pressure was made dimensionless with

0.6
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0.2 0.4 0.6 0.8 1
X

Fig. 23 Detail of the step corner region for the quadrilateral mesh.
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Fig. 24 Detail of the step corner region for the coarse triangular mesh.
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Fig. 26 Mach number contours at ¢ = 4.0 dimensionless time units for the mesh in Fig. 23.
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Fig. 27 Mach number contours at ¢ = 4.0 dimensionless time units for the mesh in Fig. 24.
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Fig. 28 Mach number contours at ¢ = 4.0 dimensionless time units for the mesh in Fig. 25.

respect to the density times the speed of sound squared. One should
observe that this test case considers unsteady flow.

The more interesting structure of the flow develops at time equal to
t = 4.0 dimensionless time units. Results at this instant of time
appear in Figs. 26-28 for the computation with WENO schemes. In
Fig. 26a, one can see the solution for the second-order WENO
scheme, and in Fig. 26b one can see the solution for the third-order
WENO scheme. The solutions presented in Figs. 26a and 26b are
obtained for the mesh composed exclusively by quadrilateral control
volumes. In Figs. 27a and 28a, one can see the solutions for the
second-order WENO scheme, and in Figs. 27b and 28b one can see
the solutions for the third-order WENO scheme. The solutions
presented in Fig. 27 are obtained for the triangular coarser mesh and
the solutions in Fig. 28 are obtained for the triangular finer mesh. The
second-order WENO scheme analyzed in this test case uses the
second-order TVD Runge—Kutta scheme and the third-order WENO
scheme uses the third-order TVD Runge—Kutta scheme for the time
march. Roe’s [6] numerical flux function is used to evaluate the flux
in the edges of the control volumes for all the schemes. All solutions
presented for this test case for the third-order WENO scheme use the
first algorithm for stencil selection, as discussed in preceding
sections.

At the instant of time presented in the solutions, a detached shock
evolves to a lambda shock that reflects in the upper channel wall. A
contact discontinuity is created past the lambda shock and both the
reflected shock and the contact discontinuity move downstream
along the channel. The reflected shock is again reflected at the lower
wall, as well as at the upper wall near the end of the channel. The
contact discontinuity interacts with the shock that reflects in the
lower wall. This interaction occurs in the region near the end of the
channel, just upstream of the last shock reflection. At the corner
region, there is also a weak oblique shock wave that ends the
expansion region due to a Prandtl-Meyer expansion fan. This weak
shock interacts with the first reflected shock near the lower wall of the

channel. This leads typically to a flow structure that resembles a
nonphysical shock-boundary layer interaction in the region where
the second shock reflection occurs. The solution in this region is very
dependent on the treatment applied to the corner of the step. In the
present work, no special treatment was applied to the corner of the
step, contrary to the procedure adopted in the original reference [29].
One can see that the results presented here are similar to those
presented in [10,17], where, as in this work, no special treatment was
applied to the corner of the step.

The results obtained in Fig. 26 for the mesh composed by
quadrilateral control volumes present a very sharp capture of the first
detached shock and of the lambda shock that reflects on the upper
wall of the channel. The contact discontinuity was also well captured
for both second- and third-order WENO schemes. The first shock
reflection, as well as the second reflection, were well defined in the
solutions for both schemes. For the mesh in Fig. 23, one can observe
that the second reflection of the shock, which occurs in the lower
wall, was affected by the nonphysical shock-boundary layer
interaction created downstream of the corner region. This shock-
boundary layer interaction is very pronounced for both solutions
obtained with the WENO schemes and the quadrilateral mesh. One
can see that the third-order WENO scheme captured the expansion
fan as well as the weak compression shock near the corner region.
The second-order WENO scheme was not able to capture such
phenomena. In the postshock region, in the lower wall of the channel,
one can observe a separation bubble. This circulation zone appears
only for the calculations with the quadrilateral mesh. The region
where the contact discontinuity and the second shock reflection meet
and the third reflection of the shock, near the end of the channel, are
better resolved by the third-order WENO scheme.

The results obtained for the coarse mesh composed by triangular
control volumes presented a difference regarding the height of the
lambda shock position. One can see that the lambda shock forms
closer to the wall for the second-order WENO scheme and this affects
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the position of the contact discontinuity. In Fig. 27, one can see that
all the shock reflections and the contact discontinuity are better
captured for the third-order scheme. The second-order WENO
scheme presents the shock-boundary layer interaction created past
the corner region in the lower wall of the channel, although such
effect is much less pronounced in this case than in the solutions with
the quadrilateral meshes. In other words, the second reflection of the
shock presents a Y-shock instead of a simple reflection in the wall.
The results for the second-order scheme in the region where the
interaction between the contact discontinuity and the last shock
reflection occurs are poor in comparison with the third-order scheme
results. The third-order WENO scheme captures the weak shock near
the corner region well, as in the results shown in Sonar [10]. This
scheme indicates a much less pronounced shock-boundary layer
interaction-type phenomenon in the second shock reflection in the
lower wall of the channel. All the shock reflections have a better
resolution for the third-order WENO scheme and they are in the
correct positions when compared with [29].

The results obtained for the fine triangular mesh present the more
accurate capture of the flow features for this test case, as one can see
in Fig. 28. All the flow features were more sharply captured due to the
mesh refinement. For this finer mesh, the second-order WENO
scheme has captured the contact discontinuity and the shock wave
generated in the corner of the step, different from the result in the
coarse triangular mesh. However, the third-order scheme presented
more accurate results than the second-order scheme. For the third-
order scheme, the shock wave reflections and the contact
discontinuity are sharper than for the second-order scheme. One
can observe that the nonphysical shock-boundary layer interaction
has almost disappeared for the second-order scheme and has
completely disappeared for the third-order scheme solutions. This
fact is related to the mesh refinement and to the order of accuracy of
the schemes. A refined mesh and a higher order scheme tends to
diminish the appearance of the nonphysical shock-boundary layer
interaction. The correct capture of the shock wave created at the
corner of the step can be seen only for the triangular finer mesh.
Hence, it is clear that the appearance of the nonphysical shock-
boundary layer interaction along the lower wall is directly related to
the resolution of the corner flow, and the solution can always be
improved with adequate mesh refinement.

E. NACA 0012 Airfoil

The fifth test case considered here is the transonic flow over a
NACA 0012 airfoil with zero degree angle-of-attack. The freestream
has a Mach number value of M, =0.8. Density is made
dimensionless with respect to the freestream condition and pressure
is made dimensionless with respect to the density times the speed of
sound squared. This case is computed using an unstructured mesh
with 4369 nodes and 8414 triangular control volumes. Two
additional agglomerated grids are used in the multigrid computations
for this case and one can see a detail of the fine mesh and of the
agglomerated meshes in Fig. 29. This is a steady case and, hence, the
CFL number is set as a constant value. Therefore, different from the
previous unsteady computations in which the time step is set constant
throughout the flowfield, the CFL number is kept constant
throughout the flow in the present steady computation. Hence, one

a) Mesh over the
NACA0012

b) Mesh after the first c¢) Mesh after the sec-
agglomeration pass ond agglomeration
pass

Fig. 29 Detail of the meshes used in the simulation of the transonic flow
over a NACA0012.

a) Pressure contour lines over b) Pressure contours over the
the NACAO0012 airfoil in tran- NACAO0012 airfoil in transonic
sonic flow flow

Fig. 30 Transonic flow over a NACA 0012 airfoil, M, = 0.8 and
AOA =0.
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Fig. 31 Cp distributions for a NACA 0012 airfoil, M, = 0.8 and
AOA =0.
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sets the CFL number and the local time step is computed using the
local grid spacing and characteristic speeds. The numerical results
for the pressure contours are plotted in Fig. 30 for the third-order
WENO scheme computed with the first algorithm for stencil
selection. For this case, both the ENO and the WENO schemes
present similar converged results for the third-order schemes.
However, the WENO schemes present a better convergence rate. The
Cp distributions along the airfoil chord obtained with the second-
order WENO scheme, the third-order WENO schemes implemented
using the first and fourth stencil selection algorithms, and for the
experimental data obtained from [30] are plotted in Fig. 31. The
computations with the spatially second-order method use the second-
order TVD Runge—Kutta scheme for the temporal discretization,
whereas those with the spatially third-order methods used the third-
order TVD Runge—Kutta scheme. All schemes considered Roe’s [6]
method for numerical flux evaluation.

Figure 31 indicates that the third-order methods do a better job of
capturing the shock wave over the airfoil, if compared with the
second-order method. Moreover, there are oscillations in the leading-
edge region of the airfoil for the second-order solution, which vanish
for both third-order algorithms tested in this case. The sharper
definition of the shock wave, obtained with the third-order methods,
is further emphasized by the reduced number of cells within the
shock. The Cp distributions in the post-shock region again confirm
the better resolution obtained with the third-order schemes. A
comparison of the third-order scheme results also indicates that the
calculations using the fourth algorithm for stencil selection yielded a
Cp distribution without overshoots in the postshock region, whereas
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the use of the first algorithm led to a slight overshoot immediately
downstream of the shock. Furthermore, the former yielded a solution
with only one cell inside the shock structure. Finally, it is important to
emphasize that the present computations are performed assuming
inviscid flow. Nevertheless, the computational results are in good
agreement with the available experimental data. One should observe,
however, that the pressure rise across the shock wave, in the
experimental results, is spread over a larger region due to the
presence of the boundary layer and the consequent shock-boundary
layer interaction that necessarily occurs in the experiment. For the
numerical solution, the shock presents a sharper resolution, as one
can expect for an Euler calculation.

F. Royal Aerospace Establishment 2822 Airfoil

The last test case considered here is the transonic flow over a Royal
Aircraft Establishment (RAE) 2822 airfoil with 2.31 deg angle-of-
attack. The freestream has a Mach number value of M_, = 0.729.
Density is made dimensionless with respect to the freestream
condition and pressure is made dimensionless with respect to the
density times the speed of sound squared. This case is computed
using a mesh with 5435 nodes and 10,260 triangular control
volumes. Two additional agglomerated grids are used in the
computations for this case and one can see a detail of the fine mesh
and of the agglomerated multigrid meshes in Fig. 32. As in the
flowfield computation for the NACA 0012 airfoil, this is a steady
case and, hence, the CFL number is set at a constant value. For this
case, only the WENO schemes present results in agreement with the
correct physics of the flow. The ENO schemes did not present
satisfactory results for meshes composed exclusively by triangles.
However, for meshes composed exclusively by quadrilaterals, the
ENO schemes present solutions in agreement with the physics of the
flow for this test case. Further studies must be performed for the ENO
schemes to reach a full understanding of the method behavior for
triangular grids. The numerical results in terms of pressure contours
are plotted in Fig. 33 for the third-order WENO scheme computed
with the first algorithm for stencil selection, and using the triangular
grid shown in Fig. 32. One can see a comparison of the residue
histories for the third-order WENO schemes used in this simulation

a) Mesh over the
RAE2822

b) Mesh after the first c) Mesh after the sec-
agglomeration pass ond agglomeration
pass

Fig. 32 Detail of the meshes used in the simulation over a RAE 2822
airfoil.

b) Pressure contours over the
RAE2822 air-foil in transonic

a) Pressure contour lines over
the RAE2822 airfoil in transonic
flow flow

Fig. 33 Transonic flow over a RAE 2822 airfoil, M, = 0.729 and
AOA =2.31deg.
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Fig. 34 Residue histories for third-order WENO algorithms, transonic
flow over RAE 2822 airfoil.
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Fig. 35 Cp distributions for a RAE 2822 airfoil, M, = 0.729 and

AOA =2.31deg.
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in Fig. 34. One can observe that the convergence rate is directly
related to the number of stencils used in the reconstructions. A larger
number of stencils provides an improved convergence rate as can be
seen in Fig. 34.

The Cp distributions along the airfoil chord are plotted in Fig. 35.
The results are obtained using the second-order Jameson scheme
already validated in the code [1,22], the second-order WENO
scheme, the third-order WENO schemes implemented using the first
and fourth algorithms for stencil selection, the experimental data
obtained from [30], the numerical solution obtained with the MSES
software [31], and the experimental data obtained from [32]. The
spatially second-order methods use the second-order five-stage
Runge—Kutta scheme for the temporal discretization while the
spatially third-order methods use the third-order TVD Runge—Kutta
scheme. All the WENO schemes considered Roe’s method in the
spatial discretization. Despite the fact that the present computations
are for inviscid flow, the results are in good agreement with the
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experimental data presented. One can see that, in the experimental
data, the shock wave moves upstream over the airfoil due to the
boundary layer presence. In the trailing edge of the airfoil, the
viscous effects are again visible in the solution. One can observe the
better resolution of the WENO methods, if compared with Jameson’s
method, in capturing the shock over the airfoil. The centered scheme
presents overshoots upstream and downstream the shock. Both the
second- and third-order WENO schemes capture the shock with a
smaller number of cells inside the shock, i.e., they capture the shock
with a sharper definition. The second-order WENO scheme does not
capture the leading-edge C p distribution as well as the other methods
compared here. Although the numerical results obtained with the
MSES code presented a lower Cp plateau in the region upstream the
shock, the lower surface of the airfoil and the trailing-edge region are
in agreement with the WENO results compared here. There is also a
small difference in the shock resolution between the third-order
WENO schemes using the first and the fourth algorithms for stencil
selection. The fourth algorithm reached a higher value of Cp in the
region immediately downstream the shock, similar to the MSES
result. Therefore, as observed in a preceding section of this paper, the
availability of more interpolation stencils, provided by the fourth
algorithm, leads to an improved resolution of flow features.

VII. Conclusions

The reconstruction of essentially nonoscillatory schemes and
weighted essentially nonoscillatory schemes is presented in this
work. Different approaches for stencil selection are discussed for
second- and third-order ENO and WENO schemes. Although, in this
paper, only second- and third-order accurate schemes are actually
implemented and assessed, the formulation of ENO and WENO
reconstruction is treated in a generic framework that allows the
construction of polynomials of any order and, hence, of schemes with
an arbitrary order of accuracy. Details with regard to oscillation
indicators are also treated. The Roe flux-difference splitting scheme
[6] and the Liou flux-vector splitting scheme [5] are tested and
compared in the paper, and different Runge—Kutta time marching
schemes are implemented with similar purposes of comparison. A
multigrid method is used for faster convergence to steady-state
solutions. An adaptive refinement technique is also employed to
yield a sharper representation of the strong gradients appearing in the
flows.

The test cases studied in this work include the supersonic flow over
a wedge, the Ringleb flow problem [27], a shock tube problem, the
unsteady supersonic flow in a channel with a forward-facing step, the
transonic flow over the NACA 0012 airfoil, and the transonic flow
over the RAE 2822 airfoil. All of these test cases have their results
compared with data available in the literature. The third-order
schemes yield results with better resolution than the second-order
schemes, and WENO schemes present better results in comparison to
their corresponding ENO schemes. For the supersonic flow over a
wedge, results show that oscillations appear in Liou’s scheme [5],
that van Leer’s scheme [4] is very diffusive, and that Roe’s scheme
[6] is the more accurate MUSCL method compared here.
Furthermore, the results also show that the WENO scheme captured
amore accurate solution, without oscillations and less diffusive when
compared with the other methods.

The analysis of the effective order of accuracy of the schemes is
presented for the computation of the Ringleb flow problem [27]. The
second-order schemes actually achieved their nominal order of
accuracy. The third-order WENO scheme was able to obtain an
actual of order of accuracy of 2.66, which is fairly close to the
nominal one. The third-order ENO scheme only reached second-
order accuracy, which is consistent with other results reported in the
literature. These results are strongly related to the reconstructions
close to the boundary regions.

One can see in the results for the shock tube problem that the ENO
and WENO schemes provide a sharper representation of the flow
features than the van Leer [4] flux-vector splitting scheme with
MUSCL reconstruction. The results also show that the third-order
WENO scheme is more accurate than the third-order ENO scheme.

Moreover, the third-order schemes are more accurate than their
corresponding second-order ones. The results for the quadrilateral
mesh obtained for the forward-facing step flow show a nonphysical
shock-boundary layer interaction created downstream of the corner
region. The third-order WENO scheme does not present any shock-
boundary layer interaction-type phenomenon for the fine triangular
mesh. For the flows around the NACA 0012 and the RAE 2822
airfoils, one can observe that the availability of more interpolation
stencils, provided by the third-order scheme with the fourth
algorithm for stencil selection, leads to an improved resolution of
flow features.
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